The in‰uences of inherent cross-anisotropy on soil strength on the homogeneous deformation and bifurcation characteristic of the stress-strain relationship are studied. By neglecting the cohesion term and employing an elliptical shape function in Mohr-Coulomb failure criterion, a 3D anisotropic failure criterion is proposed to describe the strength of cross-anisotropic sands under true triaxial conditions. Based on the proposed failure criterion, the in‰uence of the anisotropic parameter on the failure curve on the deviatoric plane and the relationship between the peak friction angle and the intermediate principal stress ratio are obtained. The suitability of the criterion is justiˆed by comparing with a series of true triaxial tests on sands without strain localization. The proposed failure criterion is adopted to build a three dimensional anisotropic elasto-plastic model, which allows the bifurcation analysis to be incorporated with the non-coaxial ‰ow rule for the purpose of studying the onset of strain localization. Compared with the true triaxial tests under several intermediate principal stress ratios conditions in the literature, the proposed model and bifurcation analysis is shown to be capable of predicting the in‰uence of inherent cross-anisotropy on the onset of strain localization.
INTRODUCTION
Strain localization, which often appears as a shear band, denotes the initiation of failure and its evolution, which can lead to the collapse of geotechnical structures. Much research has been done to understand the onset (e.g., Bardet, 1990a ) and evolution (e.g., Lu et al., 2009 ) of strain localization. The onset of strain localization is often predicted based on the bifurcation analysis proposed by Rudnicki and Rice (1975) and Rice and Rudnicki (1976) . However, some studies have shown that the bifurcation analysis on conventional plasticity often leads to poor results, and the non-coaxial ‰ow rule, which takes the eŠect of the stress rate tangential to the yield surface into consideration, needs to be included. The works of Rudnicki and Rice (1975) , Papamichos and Vardoulakis (1995) , Qian et al. (2008) showed the noncoaxial model can predict the onset of strain localization accurately and re‰ect on the in‰uence of the initial conning stresses on shear band angles just under the plane strain condition (Han and Vardoulakis, 1991) . This kind of non-coaxial model has further been extended to the three dimensional condition by Huang et al. (2009 Huang et al. ( , 2010 and has been used to predict the experimental results of true triaxial tests (Wang and Lade, 2001) . In those models, soils were assumed to be initially isotropic, but this assumption makes it impossible to calibrate the properties of engineering soils which feature signiˆcant anisotropy.
The in‰uence of inherent anisotropy on the onset of strain localization has already been conˆrmed by experiments (e.g., Abelev and Lade, 2004; Lade and Abelev, 2003) ; however, there has been very little theoretical study on the relationship between these two things. There are two major types of anisotropy: one is attributed to the initial fabric, and the other is a result of loading and can develop in originally isotropic material. The work of Abelev and Lade (2003) has shown that when there was no rotation of the principal stresses and the directions of loading and soil deposition coincide, the initial anisotropic fabric largely controls the deformation and shear strength. That is, the strength criterion and corresponding parameters are two critical considerations when building a constitutive relationship, so it is necessary to propose a conscious criterion to calibrate the strength of inherent anisotropic soils. The most convenient way to obtain an inherent anisotropic criterion is to revise the existing isotropic criteria. Based on the Lade-Duncan failure criterion, Abelev and Lade (2004) proposed a failure criterion by rotating the isotropic failure surface around the stress origin in the principal stress space. Later, Lade (2008) further proposed a general 3D failure criterion to consider the eŠect of stress rotation, and the e‹ciency was validated by a series of true traxial tests and tensional shear tests. However, these criteria were a little complicated due to the complexity of the calculations, which incorporated the microstructures of the soils (Pietruszczak and Mroz, 2001 ). Aiming toˆt the failure curve in deviatoric plane, Mortara (2010) suggested a simpler way by modifying the shape of the failure surface in the deviatoric plane directly. In this way, an anisotropic failure criterion could be formulated by adding some terms into the shape function to re‰ect on the in‰uence of inherent anisotropy. This method is convenient for application.
This paper intends to propose a simple three dimensional cross-anisotropic failure criterion, based on which, a 3D non-coaxial elasto-plasticity model is built to study the in‰uence of cross-anisotropy on the onsets of strain localization under true triaxial conditions. The contents of the paper are arranged as follows. Firstly, after reviewing recent studies on the anisotropic strength criterion of soils, a simpliˆed 3D anisotropic failure criterion is proposed by adding an elaborated shape function into Mohr-Coulomb failure criterion. Secondly, a 3D noncoaxial elasto-plasticity model is built on the proposed failure criterion to study the in‰uence of anisotropy on the onset of the strain localization. At last, the proposed inherent cross-anisotropic failure criterion and bifurcation characteristic of 3D non-coaxial elasto-plasticity model are validated by simulating two experimental results of true triaxial tests on sands in the literature.
REVISED THREE DIMENSIONAL MOHR-COULOMB FAILURE CRITERION

Isotropic Condition
By neglecting the cohesion term of the generalized Mohr-Coulomb failure criterion, we get F＝q-pMf＝q-pMfcg(us)＝0
( 1 ) where p＝I1/3＝skk/3 is the eŠective average stress; q＝ 3J2 is the eŠective generalized shear stress, J2＝sijsij/2; us ＝sin
)]/3 is the Lode angle, J3＝sijsjkjski /3, sij＝sij-dijp; Mfc＝6 sin fC/(3-sin fC), fc is the peak friction angle under the axisymmetric compression condition (or true triaxial test under b＝0 condition); g(us) is the shape function in the deviatoric plane.
For isotropic soils, a reasonable shape function should not only describe the dependency of the soil strength on the intermediate principal stress ratio but also needs to re‰ect the diŠerence of the peak friction angle under the axi-symmetric compression condition (b＝0 in true triaxial tests) and the axi-symmetric extension condition (b＝1 in true triaxial tests). Most true triaxial tests demonstrated that the peak friction angle under triaxial compression conditions does not equal that of the triaxial extension condition, and the former is often bigger than the latter. In accordance with this phenomenon, Bardet (1990b) suggested the shape function could be obtained by interpolating the soil strength between b＝0 and b＝1 conditions in true triaxial tests. There were various kinds of shape functions obtained by doing so, including linear interpolations, quadratic interpolations, elliptical interpolations and trigonometric interpolations. Lu (2008) has validated that the elliptical shape function proposed by William and Warnke (1975) has a smooth curve in the deviatoric plane and can predict the results of true triaxial tests on sands.
The elliptical shape function is given by
where b is the parameter re‰ecting the diŠerence of soil strength under the axisymmetric compression condition and the axisymmetric extension condition. It can be obtained by
where fE is the peak friction angle under axisymmetric tension condition. The value of b can be obtained by two kinds of tests on isotropic soils: the axisymmetric compression test and the axisymmetric tension test. As shown in Fig. 1 , the value of b decreases with the increasing value of fC and increases with the increasing value of fC/fE. The in‰uence of b on the shape of the failure curve on the deviatoric plane is shown in Fig. 2 , which also shows that Eq. (3) can reasonably calibrate the soil strength by choosing an appropriate value of b.
Using the strength criterion of Eqs. (1) and (2), the in‰uence of the intermediate principal stress on the peak friction angle is studied. Under true triaxial stress condition, the three principal stresses are s1, s2 and s3 respectively (where s1Às2Às3), and the intermediate principal stress ratio is deˆned as
The relationship between the intermediate principal stress ratio b and the Lode angle us is:
The normal and deviatoric stresses are
The peak friction angle is deˆned as sin fb＝ s1-s3 s1＋s3
By substituting Eqs. (4) and (6) into Eq. (7), we get
The relationship between the peak friction angle and the intermediate principal stress ratio can be obtained by substituting Eqs. (1), (2) and (5) into Eq. (8) . As shown in Fig. 3 , when bÀ(3-sin fC)/(3＋sin fC), the peak friction angle under the triaxial extension conditions is bigger than that under the triaxial compression conditions. The in‰uence of b on the relationship between fb and b increases with the increasing value of fC.
Cross-anisotropic Condition
Since layered sedimentation is often a feature of soils in engineering problems, these soils can be viewed as crossanisotropic material. Lade and Abelev (2003) have done many true traxial tests to study the shear strength varying properties. In major principal stress space, following the description of Lade (2006) , with the direction of major principal stress parallel or perpendicular to the deposition direction and without signiˆcant stress rotation, the deviatoric plane can be divided into sectors I, II and III, as shown in Fig. 4 .
In order to describe the in‰uence of the inherent crossanisotropy on the strength of soils, the elliptical shape function is revised as
and a is the anisotropic parameter. As shown in Fig. 5 , when a＝0, the failure criterion produces the same failure curve in deviatoric plane with isotropic failure criterion, when aº0 and aÀ0 corresponds to the shrinkage and expansion of the failure curve. By substituting Eq. (9) into Eq. (1), we get
Sector I, b＝1
Sector III, b＝1
Three tests are needed to determine the parameters Mfc, b and a. By axisymmetric compression test (or the true triaxial test, setting b＝0) with the loading direction coincident with the deposition direction, Mfc can be obtained. The Mf value under b＝1 condition in sector I can be obtained by the axisymmetric extension test (or true triaxial test by setting b＝1) with coincident directions of the minor principal stress and deposition. The Mf value under b＝1 condition in sector III can be obtained by the axisymmetric extension test (or the true triaxial test by setting b＝1) with the direction of minor principal stress and deposition perpendicular to each other. After these three Mf values are obtained, by substituting them into Eq. (10), the values of b and a can be speciˆed. Because the failure curve in the deviatoric plane is symmetric, for simplicity and without loss of generality, we can only study the right part, which is composed of three sectors. Replacing g(us) in Eq. (1) with g?(us) in Eq. (9), a cross-anisotropic failure criterion is obtained, which can then be used to study the relationship between the peak friction angle and intermediate principal stress ratio. As shown in Fig. 6 , positive a induces a bigger peak friction angle fb in sectors II and III than in sector I, while a negative a value results in smaller fb in sectors II and III than in sector I. Due to the deposition of natural soil or specimens in laboratory tests, the soil strength in vertical direction is often bigger than horizontal direction, so a is often negative.
NON-COAXIAL CROSS-ANISOTROPIC ELASTO-PLASTICITY MODEL AND BIFURCATION ANALYSIS
3D Cross-anisotropic Non-coaxial Elasto-plasticity
Based on the failure criterion obtained by replacing g(u s ) in Eq. (1) (12) where Mc corresponds to the M value with a zero volumetric strain rate.
The plastic strain rate could be obtained by derivations of the conventional plasticity theory. In conventional plasticity, the plastic rate caused by the stress rate tangential to the yield surface is ignored, while in anisotropic soils, this plastic strain rate is signiˆcant for the interaction between the cross-anisotropic fabric and the applied loading (e.g., Gutierrez et al., 1991; Lashkaria and Latiˆ, 2007) . The non-coaxial plastic strain ·e np ij caused by the stress rate tangential to the yield surface is
where Ht is the non-coaxial hardening modulus, in order to simplify the problem, it is assumed to be a constant; · s n ij is the non-coaxial stress rate, it is
where Sij＝sijskj-2J2dij/3-3J3sij/2J2. After inclusion of the non-coaxial term in the standard derivation of conventional plasticity, the elasto-plastic modulus matrix is 
Bifurcation Analysis
If the soil body deforms homogeneously with the loading, the strength can be calibrated by Eq. (1) with a reasonable shape function. However, our experimental results showed strain localization often occur in sands, especially in midrange of b values. The soil strength is overestimated by the strength criterion and the in‰uence of strain localization needs to be studied.
The onset of strain localization can be predicted by the theory of bifurcation analysis, which was proposed by Rudnicki and Rice (1975) and is still widely used at present. The essence of this method is to check the singularity of the determinant of acoustic tensor, which is composed of the elaso-plastic modulus matrix of the prelocalization constitutive relationship and the inclination of the shear band. The condition for the onset of strain localization in the small strain condition is
( 1 7 ) where Ajk is the so called acoustic tenser; D ep ijkl is elastoplastic modulus tenser; and ni is the unit vector normal to the shear band.
The loading is divided into many steps. In the process of the numerical integration of the rate-form constitutive equation at each loading step, the elastic-plastic modulus matrix can be formulated. After substituting the obtained modulus matrix into Eq. (14), whether or not a solution of ni could be obtained is checked. If it is, the bifurcation condition is satisˆed and strain localization occurs; otherwise, the specimen deforms homogeneously. A detailed account of this process can be found in Huang et al. (2010) .
SIMULATION OF TRUE TRAXIAL TESTS ON CROSS-ANISOTROPIC SANDS
Comparison of Failure Criterion with True Triaxial Tests
The proposed 3D cross-anisotropic failure criterion is used to predict the true triaxial tests of Ochiai and Lade (1983) on Cambria sand, which have a maximum void ratio 0.80, a minimum void ratio 0.51 and a grain density of 26.56 kN/m 3 . The cubical specimen was prepared in a special mold at void ratios in a range of 0.53-0.54 ( Dr＝ 93-90z). The side-length of the specimen is 76 mm and the conˆning stress was 98 kPa. The experimental instrument can be clearly found at the reference of Lade and Duncan (1973) . Because there was no strain localization observed in the experiment, the strength of the soil could be predicted by the failure criterion. Three strength parameters (f c ＝39.769 , b＝0.74 and a＝-0.04) were used in the proposed failure criterion to predict the soil strength.
A comparison between the theoretical prediction of the peak friction angle and the experimental results are shown in Fig. 7 . The isotropic Mohr-Coulomb failure criterion, which is modiˆed by the elliptic shape function of Eq. (2), gives a bigger friction angle with large deviation from the experimental results, especially in sectors II and III. The proposed cross-anisotropic failure criterion gives slightly lower values than those provided by the isotropic failure criterion in sector I, and much lower in sector II and even lower in sector III. As shown in Fig. 7 , the results predicted by the proposed cross-anisotropic failure criterion are closer to the experimental results than the predicted results of Lade (2008) .
Prediction of Strain Localization
The proposed anisotropic non-coaxial plasticity model and bifurcation analysis are utilized to predict the triaxial test results of Abelev and Lade (2003) . The specimen used in all the tests was made of Santa Monica beach sand, which was uniformly graded and consists of angular to sub-angular particles with sizes in the range of 0.075 to 0.600 mm. The specimen was prepared by air pluviation at a void ratio of 0.601 (relative density Dr＝90z). The specimens were cubical with a width of 76 mm and the initial eŠective conˆning pressure was 50 kPa.
The seven material parameters used in the model are as follows: E, n, Mf, Mc, A, b and a. The parameters E and n are the elastic modulus and the Poisson's ratio which can be derived from loading-unloading tests even though the elastic parameter varies with the stress condition. Because it has no in‰uence on the soil strength, we assume them to be constant. The parameters Mf and Mc can be derived from the triaxial compression test with a coincident direction of the major principal stress and deposition. The parameters b and a can be derived by two triaxial extension tests (or true triaxial test on the condition of b＝1) and the derivation described at Cross Anisotropic Condition. A is a model parameter obtained byˆtting the stress-strain curves. For simplicity, the value of Ht is con- sidered as constant and is chosen byˆtting the predicted bifurcation points to the experiments. All the parameters used in the simulation are listed in Table 1 . Generally, a shear band occurs in softening regime under the axi-symmetric compression condition (b＝0 condition in true triaxial tests), so the experimental result in this condition can be used to specify the parameters of the constitutive models. In order to validate the proposed cross-anisotropic non-coaxial elasto-plasticity model and specify the unknown parameters, weˆt the stress-strain relationship and principal strain-volumetric strain relationship under b＝0 condition in sectors I and II. As shown in Fig. 8 , the proposed model predicts the stressstrain relationships and volumetric strain of the sands very well.
After the validation of the proposed model and the speciˆcation of parameters, the model is used to simulate the stress-strain relationship under several b conditions. As shown in Fig. 9 , the simulated stress-strain relationships before the bifurcation point generally agree well with the experimental results. Figure 9 shows that the value of the principal stress ratio is less than the value at the top of the stress-strain relationship, which indicates the occurrence of strain localization reduces the mobilized strength of the soil. The in‰uence of the intermediate principal stress ratio on the peak principal stress ratio is shown in Fig. 10(a) . In sector I, the peak strength increases with increasing values of b, and after a reduction and subsequent increase when 0.12ºbº0.6, it remains almost constant. The predicted results in sector II show the same varying characteristic with sector I. In sector III, the peak stress ratio increases with the increases in b from 0 while it decreases slightly when b reaches unity. The in‰uence of b on the major principal strain at bifurcation point in all sectors is shown in Fig. 10(b) . Generally, the predicted results calibrate the trend of experimental results well, even though there is some deviation in the values. This is caused by the assumption that the non-coaxial parameter Ht is a constant. However, the deviation of the prediction of the bifurcation point show that further study is still needed to characterize the varying and evolution of noncoaxial parameter with loading and the anisotropic fabric of soil.
CONCLUSIONS
A new shape function has been proposed to revise the 3D Mohr-Coulomb failure criterion to calibrate the strength of inherent cross-anisotropic sands under true triaxial conditions. By adopting the proposed failure criterion, the in‰uence of the degree of inherent crossanisotropy to the relationship between the intermediate principal stress ratio and the peak friction angle was able to be studied. The proposed failure criterion is validated by a series of true triaxial tests on sands, and the predicted results agree well with the experimental results. Based on the cross-anisotropic failure criterion, a 3D non-coaxial cross-anisotropic elasto-plasticity model is built to study the in‰uence of inherent cross-anisotropy on the onset of the strain localization via bifurcation analysis. Comparisons with the true triaxial test results reveal that the proposed model and corresponding bifurcation analysis accurately account for the relationships between the peak stress ratio and the major principal strain with the intermediate principal stress ratio at the onset of strain localization.
